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Abstract. We consider the general Z2-symmetric free-fermion model on the finite
periodic lattice, which includes as special cases the Ising model on the square and
triangular lattices and Zn-symmetric BBS τ
(2)-model with n = 2. Translating
Kaufman’s fermionic approach to diagonalization of Ising-like transfer matrices into
the language of Grassmann integrals, we determine the transfer matrix eigenvectors
and observe that they coincide with the eigenvectors of a square lattice Ising transfer
matrix. This allows to find exact finite-lattice form factors of spin operators for the
statistical model and the associated finite-length quantum chains, of which the most
general is equivalent to the XY chain in a transverse field.
PACS numbers: 75.10Jm, 75.10.Pq, 05.50+q, 02.30Ik
1. Introduction
Consider a two-dimensional M × N square lattice with spins σ = ±1 living at each of
its sites. The most general Z2-symmetric plaquette Boltzmann weight is given by
W (σ1, σ2, σ3, σ4) = a0
(
1 +
∑
1≤i<j≤4
aijσiσj + a4σ1σ2σ3σ4
)
. (1)
Partition function of the corresponding statistical model can be represented as an
integral over four-component lattice Grassmann field with a quartic interaction [6, 7],
which disappears if the parameters satisfy the condition
a4 = a12a34 − a13a24 + a14a23. (2)
The model (1) can be mapped to the eight-vertex model in an external field [2]. The
analog of the free-fermion condition (2) in the vertex picture was obtained earlier in
[13].
Below we study the model defined by (1)–(2). It appeared in several equivalent
formulations in papers by different authors. Its partition function can be evaluated
by a variety of methods for both infinite and finite lattice [4, 6, 10, 13, 20]. Elliptic
parametrization of the Boltzmann weights and inversion relations for the partition
function were established in [3, 5]. Grassmann integral representations for the
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corresponding transfer matrix and its eigenvectors have been found in [21]. Infinite-
lattice correlations in a dual model were studied in [24]. The model (1)–(2) includes
as special cases the Ising model on the square and triangular lattices, as well as Zn-
symmetric Baxter-Bazhanov-Stroganov τ (2)-model with n = 2.
The transfer matrix Vε[σ, σ
′] is a function of 2N spin variables σ0, . . . , σN−1,
σ′0, . . . , σ
′
N−1 given by the product of plaquette weights (1) over one lattice row (Fig. 1):
Vε[σ, σ
′] =
N−1∏
j=0
W (σj , σ
′
j, σ
′
j+1, σj+1). (3)
The subscript ε = ±1 corresponds to periodic and antiperiodic boundary conditions on
spin variables in the horizontal direction, i.e. σN = εσ0 and σ
′
N = εσ
′
0.
Fig. 1
The transfer matrix acts on the 2N -dimensional space of maps f : (Z2)
×N → C by
(Vεf)[σ] =
∑
[σ′]
Vε[σ, σ
′]f [σ′].
It commutes with the operators of translation and spin reflection defined by
(Tεf)(σ0, . . . , σN−1) = f(σ1, . . . , σN−1, εσ0),
(Uf)[σ] = f [−σ].
Partition function of the model can be written as Z = Tr
(
V Mε U
1−ε′
2
)
, where
ε′ = ±1 corresponds to periodic and antiperiodic boundary conditions in the vertical
direction. To write spin correlation functions, one should introduce spin operators {sj}
with j = 0, . . . , N −1 defined by (sjf)[σ] = σjf [σ]. Then for j1 ≤ j2 ≤ . . . ≤ jn we have
〈σj1,k1 . . . σjn,kn〉 = Z−1Tr
(
sj1,k1 . . . sjn,knV
M
ε U
1−ε′
2
)
,
where
sj,k = V
j
ε skV
−j
ε = V
j
ε T
k
ε s0T
−k
ε V
−j
ε .
The computation of correlation functions therefore reduces to finding matrix elements
(form factors) of the spin operator s0 in the common basis of eigenstates of Vε, Tε and
U . The present work is devoted to the solution of this problem.
Multiplication of the Boltzmann weight (1) by eK(σ1σ2−σ3σ4) with any K does not
change the transfer matrix. Thus, up to overall factor, Vε nontrivially depends on five
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parameters. The parameter set may be thought of as a five-dimensional projective space
with homogeneous coordinates
κ = (a12 + a34)(a13 + a24) + (a14 + a23)(a4 + 1), (4)
λ = (a14 − a23)(a4 − 1)− (a12 − a34)(a13 − a24), (5)
µ = (a4 + 1)
2 − (a12 + a34)2 − (a13 − a24)2 + (a14 − a23)2, (6)
̺ = 4 (a14a23 − a13a24) , (7)
τ = (a4 + 1)
2 + (a12 + a34)
2 + (a13 + a24)
2 + (a14 + a23)
2, (8)
υ = (a12 + a34)(a13 + a24)− (a14 + a23)(a4 + 1). (9)
It will be shown below that this set is foliated by two-dimensional surfaces such that the
transfer matrices corresponding to different surface points are mutually commuting and
diagonalized in the same basis. Different surfaces are labeled by the triples
(
λ
κ
, µ
κ
, ̺
κ
)
.
Each of them contains a curve representing a set of transfer matrices of the Ising model
on the triangular lattice, and this curve contains a point corresponding to the transfer
matrix of an anisotropic Ising model on the square lattice.
As a consequence, finite-lattice form factors of the free-fermion model (1)–(2) can be
obtained by a suitable parametrization from the Ising ones, for which the corresponding
formulas were conjectured in [8, 9] and proved in [11, 12]. A more elegant proof based on
earlier results of [14, 23] and Frobenius determinant formula for elliptic Cauchy matrices
was recently found in [16].
It is well-known that the six- and eight-vertex model transfer matrices commute
with the hamiltonians of the quantum XXZ and XYZ spin-1/2 chains, respectively.
Similarly, the diagonal-to-diagonal transfer matrix of the Ising model on a square lattice
commutes with the hamiltonian of the quantum Ising chain [22]. Local hamiltonians
are also known for the Ising model on the triangular and hexagonal lattices [25].
We will show that to every above-described two-parameter family of commuting
transfer matrices of the general free-fermion model one can associate a local spin chain
hamiltonian depending on three parameters λ
κ
, µ
κ
, ̺
κ
. It turns out to be related to the
hamiltonian of the quantum XY chain in a transverse field by a similarity tranformation.
Simple considerations then allow us to rederive spin form factors of the finite-length XY
chain, recently obtained in [15] by the method of separation of variables.
2. Kaufman’s approach and Grassmann integrals
Let us define two operators Va,p by the relations
V± =
1± U
2
Va +
1∓ U
2
Vp.
Since V± and Va,p commute with U , the set of eigenstates of V+ (V−) consists of even
(odd) under spin reflection eigenvectors of Va and odd (resp. even) eigenvectors of Vp.
It was observed in [21] that Va,p can be naturally represented as 2N -fold Grassmann
integrals. To describe this result in more detail, introduce auxiliary Grassmann variables
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ψ0, . . . , ψN−1, ψ˙0, . . . ψ˙N−1. Our convention will be that “dotted” variables commute
with the usual ones and anticommute between themselves. We will also need to consider
discrete Fourier transforms of variables of both types
ψθ =
1√
N
N−1∑
j=0
e−ijθψj ,
using two sets of quasimomenta: θa =
{
π
N
, 3π
N
, . . . , 2π − π
N
}
and θp ={
0, 2π
N
, . . . , 2π − 2π
N
}
. In this notation, one has [21]
Vν [σ, σ
′] = ζν
∫
DψDψ˙ eSν [ψ,ψ˙]
N−1∏
j=0
eσjψj
N−1∏
j=0
eσ
′
j ψ˙j , ν = a, p, (10)
where ζν = a
N
0
[∏
θ∈θν
χθ
] 1
2 and
Sν [ψ, ψ˙] =
1
2
∑
θ∈θν
(
ψ−θ ψ˙−θ
)( G11(θ) G12(θ)
G21(θ) G22(θ)
)(
ψθ
ψ˙θ
)
, (11)
χθ = [a12 + a34 + (a13 + a24) cos θ]
2 +
[
(a13 − a24)2 + 4a14a23
]
sin2 θ, (12)
χθG11(θ) = 2i sin θ [a23 + a12a24 + a13a34 + a14a4 − 2 (a14a23 − a13a24) cos θ] , (13)
χθG22(θ) = 2i sin θ [a14 + a12a13 + a24a34 + a23a4 − 2 (a14a23 − a13a24) cos θ] , (14)
χθG12(θ) = χθG21(−θ) = [(a12 + a34)(a4 + 1)− (a13 + a24)(a14 + a23)]
+ [(a13 + a24)(a4 + 1)− (a12 + a34)(a14 + a23)] cos θ (15)
+ [(a24 − a13)(a4 − 1) + (a12 − a34)(a14 − a23)] i sin θ.
The representation (10) was used in [21] to find the eigenvectors of Va,p explicitly
in terms of spin variables. One of the reasons to proceed in this way was the difficulties
with the well-known Kaufman’s algebraic approach [19] designed for the two-dimensional
Ising model. It can be expected on general grounds that the conjugation by Va,p induces
linear transformations of the standard Clifford algebra generators. However, in contrast
to the Ising case, it was not clear how one can determine the explicit form of these
transformations.
This can be done as follows. First look for a representation for the inverse V −1ν [σ, σ
′]
in the form (10):
V −1ν [σ, σ
′] = ζ˜ν
∫
DϕDϕ˙ e S˜ν [ϕ,ϕ˙]
N−1∏
j=0
eσjϕj
N−1∏
j=0
eσ
′
j ϕ˙j , (16)
where the overall coefficient ζ˜ν and quadratic action S˜ν [ϕ, ϕ˙] should be chosen so that∑
[σ′]
Vν [σ, σ
′]V −1ν [σ
′, σ′′] = δ[σ],[σ′′] =
N−1∏
j=0
1 + σjσ
′′
j
2
. (17)
Using (10) and the ansatz (16), the l.h.s. of the last relation can be written as
ζν ζ˜ν
∑
[σ′]
∫
DψDψ˙DϕDϕ˙ eSν [ψ,ψ˙]
N−1∏
j=0
eσjψj
N−1∏
j=0
eσ
′
j ψ˙j e S˜ν [ϕ,ϕ˙]
N−1∏
j=0
eσ
′
jϕj
N−1∏
j=0
eσ
′′
j ϕ˙j . (18)
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Let us explain how this expression can be simplified, since below similar calculations
will be done without going into the details:
• Only even part of∏N−1j=0 eσjψj ∏N−1j=0 eσ′j ψ˙j gives non-zero contribution to the integral.
Since it commutes with any quadratic expression in Grassmann variables of both
types, the factor e S˜ν [ϕ,ϕ˙] can be put together with eSν [ψ,ψ˙].
• The summation over intermediate spins can then be easily done:∑
[σ′]
(N−1∏
j=0
eσ
′
j ψ˙j
N−1∏
j=0
eσ
′
jϕj
)
= 2Neψ˙ϕ,
where we use shorthand notation ψ˙ϕ =
∑N−1
j=0 ψ˙jϕj. This transforms (18) into
2Nζν ζ˜ν
∫
DψDψ˙DϕDϕ˙ eSν [ψ,ψ˙]+S˜ν [ϕ,ϕ˙]
N−1∏
j=0
eσjψj eψ˙ϕ
N−1∏
j=0
eσ
′′
j ϕ˙j .
• To pull eψ˙ϕ to the left through F [ψ] =∏N−1j=0 eσjψj , write the latter factor as a sum
of its odd and even part, which gives F [ψ]eψ˙ϕ = eψ˙ϕFeven[ψ] + e
−ψ˙ϕFodd[ψ]. In the
integral corresponding to the first term, make the change of variables ψ → −ψ,
ψ˙ → −ψ˙. Since S[ψ, ψ˙] is even, this allows to rewrite the previous expression as
2Nζν ζ˜ν
∫
DψDψ˙DϕDϕ˙ eSν [ψ,ψ˙]+S˜ν [ϕ,ϕ˙]−ψ˙ϕ
N−1∏
j=0
eσjψj
N−1∏
j=0
eσ
′′
j ϕ˙j .
Thus, in order to satisfy (17), it is sufficient to choose ζ˜ν and S˜ν [ϕ, ϕ˙] so that
22Nζν ζ˜ν
∫
Dψ˙Dϕ eSν [ψ,ψ˙]+S˜ν [ϕ,ϕ˙]−ψ˙ϕ = eψϕ˙.
In view of (11), it is natural to try to satisfy this relation with S˜ν [ϕ, ϕ˙] diagonalized by
discrete Fourier transform. This indeed works and one finds that
S˜ν [ϕ, ϕ˙] =
1
2
∑
θ∈θν
(
ϕ˙−θ ϕ−θ
)
G−1(θ)
(
ϕ˙θ
ϕθ
)
,
ζ˜−1ν = 2
2Nζν
[ ∏
θ∈θν
G12(θ)G21(θ)
detG(θ)
] 1
2
,
where the 2× 2 matrix G(θ) is defined by (12)–(15).
The next step is to introduce the Clifford algebra generators {pj}, {qj} (j =
0, . . . , N − 1),(
pj
qj
)
[σ, σ′] = 2−N
j−1∏
k=0
(1− σkσ′k)
N−1∏
k=j+1
(1 + σkσ
′
k)
(
σj + σ
′
j
i(σ′j − σj)
)
,
which satisfy standard anticommutation relations {pj , pk} = {qj, qk} = 2δjk, {pj, qk} =
0. It is easy to verify that these operators can be represented in a form similar to
Grassmann integral representation (10):(
pj
qj
)
[σ, σ′] = 2−N
∫
DηDη˙ e ηη˙
(
ηj + η˙j
i(ηj − η˙j)
)
N−1∏
k=0
eσkηk
N−1∏
k=0
eσ
′
k
η˙k . (19)
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We especially note that Fourier transforms pθ, qθ are obtained by simple replacement of
the subscript j by θ in the r.h.s. of (19).
It then becomes possible to compute the result of conjugation of {pj}, {qj} by Vν
using the representations (10), (16) and (19). After summation over intermediate spin
variables one obtains
Vν
(
pθ
qθ
)
V −1ν [σ, σ
′] = 2Nζν ζ˜ν
∫
DψDψ˙DηDη˙DϕDϕ˙
eSν [ψ,ψ˙]+S˜ν [ϕ,ϕ˙]−ψ˙η+ηη˙−η˙ϕ
(
ηθ + η˙θ
i(ηθ − η˙θ)
)
N−1∏
j=0
eσjψj
N−1∏
j=0
eσ
′
j ϕ˙j .
The integration over ψ˙, η, η˙, ϕ can be performed in the Fourier basis. Comparing the
resulting integral over ψ and ϕ˙ with (19), we find that the induced rotation is explicitly
given by
Vν
(
pθ
qθ
)
V −1ν = Λ(Vν)
(
pθ
qθ
)
, (20)
Λ(Vν) =
1
2χθG12(θ)
(
αθ iβ−θ
−iβθ α−θ
)
, (21)
where {
αθ = χθ [1− detG(θ) +G11(θ)−G22(θ)] ,
βθ = χθ [1 + detG(θ) +G11(θ) +G22(θ)] .
(22)
One can now follow Kaufman’s method and find the eigenstates of Va,p by diagonalization
of the two-dimensional rotations (21).
It is straightforward to check using (12)–(15) that αθ, βθ can be written in terms
of the parameters (4)–(9) as follows:
αθ = τ + 2υ cos θ + 2iλ sin θ, βθ = −̺e2iθ + 2κeiθ − µ. (23)
and that αθα−θ − βθβ−θ = 4χ2θG12(θ)G21(θ). In fact the relations (23) are the origin of
the parametrization (4)–(9). Let us further introduce three parameters K0, Kx, Ky by
λ
κ
=
sinh 2K0
cosh 2Kx sinh 2Ky ,
µ
κ
=
cosh 2Ky + cosh 2K0
cosh 2Kx sinh 2Ky ,
̺
κ
=
cosh 2Ky − cosh 2K0
cosh 2Kx sinh 2Ky .
It will be shown in the next section that the eigenvectors of Vε coincide with the
eigenvectors of a non-symmetrized transfer matrix of the anisotropic Ising model on
the square lattice:
exp
{Ky −K0
2
N−1∑
j=0
sjsj+1
}
exp
{
K∗x
N−1∑
j=0
Cj
}
exp
{Ky +K0
2
N−1∑
j=0
sjsj+1
}
, (24)
where tanhK∗x = e−2Kx and the operators {Cj} are defined by
(Cjf)(. . . , σj−1, σj, σj+1, . . .) = f(. . . , σj−1,−σj , σj+1, . . .).
We assume for concreteness that K0, Kx, Ky are real and positive and K∗x < Ky. This
mimics the ferromagnetic region of Ising parameters.
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Define the functions
b±θ =
√
(αθ − α−θ)2 + 4βθβ−θ ± (αθ − α−θ)
2e−iθβθ
,
satisfying b±θ b
±
−θ = 1. The square roots here and below are fixed by the requirement of
positivity of the real part. Determining the eigenvectors of the induced rotations (21),
introduce the creation-annihilation operators

2ψ†θ = ρθ
(
e−iθ
√
b+θ p−θ − i
√
b+−θ q−θ
)
,
2ψθ = ρθ
(
eiθ
√
b−−θ pθ + i
√
b−θ qθ
)
,
(25)
where
ρθ = ρ−θ =
√
2
[√
b+θ b
−
−θ +
√
b−θ b
+
−θ
]− 1
2
.
These operators satisfy canonical anticommutation relations {ψ†θ, ψ†θ′} =
{ψθ, ψθ′} = 0, {ψ†θ, ψθ′} = δθ,θ′. They transform diagonally under conjugation by Vν :
Vν
(
ψ
†
θ
ψθ
)
V −1ν =
(
e−Eθ 0
0 eEθ
)(
ψ
†
θ
ψθ
)
, θ ∈ θν ,
where
Eθ = ln
√
(αθ − α−θ)2 + 4βθβ−θ + αθ + α−θ
4χθG12(θ)
. (26)
The matrices Vν can therefore be written as
Vν = 2
NaN0
[ ∏
θ∈θν
χθG12(θ)
] 1
2
exp
{
−
∑
θ∈θν
Eθ
(
ψ
†
θψθ −
1
2
)
)}
. (27)
where the overall scalar multiple can be fixed e.g. by the identification of eigenvalues
with formulas in [21]. In contrast to the Ising case, Eθ 6= E−θ and hence the spectrum
is (generically) nondegenerate. In particular, the eigenstates of Vε will automatically
diagonalize the translation operator.
The left and right eigenvectors of Vν are multiparticle Fock states
ν〈θ1, . . . , θk| =ν 〈vac|ψθ1 . . . ψθk , |θ1, . . . , θk〉ν = ψ†θ1 . . . ψ†θk |vac〉ν, (28)
where θ1, . . . , θk ∈ θν . The corresponding eigenvalue is equal to exp
{
1
2
∑
θ∈θν
Eθ −
∑k
i=1 Eθi
}
.
Vacuum vectors |vac〉ν and ν〈vac| are annihilated by all ψθ (resp. ψ†θ) with θ ∈ θν and
are normalized as ν〈vac|vac〉ν = 1. Since V is not symmetric, ν〈vac| is not necessarily
hermitian conjugate of |vac〉ν .
Not all of the states (28) are eigenvectors of the full transfer matrix (and the
associated quantum spin chain hamiltonians below). For periodic and antiperiodic
boundary conditions on spin variables the number of particles in these states should
be even and odd, respectively, and one has{
T+|θ1, . . . , θ2k〉a,p = e−i
∑2k
i=1 θi |θ1, . . . , θ2k〉a,p,
T−|θ1, . . . , θ2k+1〉a,p = e−i
∑2k+1
i=1 θi|θ1, . . . , θ2k+1〉a,p.
(29)
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We especially note that the transfer matrix eigenvectors and form factors depend
only on Kx, Ky, K0 and are independent of τκ , υκ . The latter two variables appear only
in the eigenvalues and can be thought of as spectral parameters.
3. Form factors
Consider instead of Vε the conjugated transfer matrix V
′
ε = SVεS
−1 with S =
exp
{
K0
2
∑N−1
j=0 sjsj+1
}
. The matrix of induced rotation in (20) then becomes Λ(V ′ν) =
Λ−1(S)Λ(Vν)Λ(S) with
Λ(S) =
(
coshK0 i sinhK0 e−iθ
−i sinhK0 eiθ coshK0
)
,
and it can be straightforwardly checked that Λ(V ′ν) = Λ(Vν)
∣∣∣
K0=0
. Therefore the
orthonormal system of left and right eigenvectors of Vν can be chosen as follows:
|θ1, . . . , θk〉Sν = S−1
(
|θ1, . . . , θk〉ν
)
K0=0
, Sν 〈θ1, . . . , θk| =
(
ν〈θ1, . . . , θk|
)
K0=0
S.
These vectors are of course proportional to those in (28).
Since S commutes with the operators {sj}, nontrivial spin form factors coincide
with those computed for K0 = 0:
F (l)m,n(θ, θ′) = Sa 〈θ1, . . . , θm|sl|θ′1, . . . , θ′n〉Sp =
[
S
p 〈θ′1, . . . , θ′n|sl|θ1, . . . , θm〉Sa
]∗
=
= [a〈θ1, . . . , θm|sl|θ′1, . . . , θ′n〉p]K0=0 , (30)
where m, n are simultaneously even or odd. On the other hand, setting K0 = 0 leads to
important simplifications in the formulas of the previous section. It implies in particular
that λ = 0, αθ = α−θ, b
+
θ = b
−
θ
def
= bθ and ρθ = 1. Moreover,
bθ =
√
(1− tanhK∗x cothKyeiθ) (1− tanhK∗x tanhKye−iθ)
(1− tanhK∗x tanhKyeiθ) (1− tanhK∗x cothKye−iθ)
, (31)
and thus the Fock states (28) with K0 = 0 coincide with the eigenvectors of the
symmetric transfer matrix of the anisotropic Ising model on the square lattice, cf.
[16]. Let us therefore denote |θ1, . . . , θk〉Isingν =
(
|θ1, . . . , θk〉ν
)
K0=0
. In the symmetric
Ising case, the left and right eigenvectors are related by hermitian conjugation, i.e.
Ising
ν 〈θk, . . . , θ1| =
(|θ1, . . . , θk〉Isingν )†.
To write the corresponding form factors, introduce two functions γθ, νθ and two
parameters ξ, ξT defined by
cosh γθ = cosh 2K∗x cosh 2Ky − sinh 2K∗x sinh 2Ky cos θ, γθ > 0,
νθ = ln
∏
θ′∈θa
sinh
γθ+γθ′
2∏
θ′∈θp
sinh
γθ+γθ′
2
, ξ =
[
1− (sinh 2Kx sinh 2Ky)−2
] 1
4 ,
ξT =
∏
θ∈θp
eνθ/4
∏
θ∈θa
e−νθ/4 =
[ ∏
θ∈θp
∏
θ′∈θa
sinh2
γθ+γθ′
2∏
θ,θ′∈θp
sinh
γθ+γθ′
2
∏
θ,θ′∈θa
sinh
γθ+γθ′
2
] 1
4
.
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Then, by (30) and e.g. Theorem 6.1 in [16]:
F (l)m,n(θ, θ′) = i2mn−
m+n
2
√
ξξT
m∏
j=1
e
−i(l− 1
2
)θj+νθj /2√
N sinh γθj
n∏
j=1
e
i(l− 1
2
)θ′j−νθ′
j
/2√
N sinh γθ′j
× (32)
×
(
sinh 2Ky
sinh 2Kx
) (m−n)2
4 ∏
1≤i<j≤m
sin
θi−θj
2
sinh
γθi+γθj
2
∏
1≤i<j≤n
sin
θ′i−θ
′
j
2
sinh
γθ′
i
+γθ′
j
2
∏
1≤i≤m,1≤j≤n
sinh
γθi+γθ′j
2
sin
θi−θ′j
2
.
As explained in the Introduction, this formula allows to compute (long-distance
expansions of) an arbitrary spin correlation function in the statistical model (1)–(2).
4. Quantum spin chain hamiltonian
The matrix Vν clearly commutes (cf (27)) with the operator
Hν = −1
2
∑
θ∈θν
{
4
√
βθβ−θ
ρ2θ
ψ
†
θψθ −
√
(αθ − α−θ)2 − 4βθβ−θ
}
,
which has the following form in terms of {pθ}, {qθ}:
Hν = −1
4
∑
θ∈θν
{
(αθ − α−θ) (p−θpθ − q−θqθ)− 4iβθ q−θpθ
}
.
Now using (22) and performing the inverse Fourier transform, one finds that
Hν = −
N−1∑
j=0
{
λ (pjpj+1 − qjqj+1) + iµ qjpj − 2iκ qjpj+1 + i̺ qjpj+2
}
,
where pj+N = pj , qj+N = qj for ν = p and pj+N = −pj , qj+N = −qj for ν = a.
Using the standard realization of {pj}, {qj} in terms of Pauli matrices σx,y,z,
pj = σ
x ⊗ . . .⊗ σx︸ ︷︷ ︸
j times
⊗σz ⊗ 1⊗ . . .⊗ 1︸ ︷︷ ︸
N−1−j times
,
qj = σ
x ⊗ . . .⊗ σx︸ ︷︷ ︸
j times
⊗σy ⊗ 1⊗ . . .⊗ 1︸ ︷︷ ︸
N−1−j times
,
one finds the quantum spin chain hamiltonian, which commutes with the transfer matrix
Vε and the operator (24):
Hε =
1 + εU
2
Ha +
1− εU
2
Hp =
=
N−1∑
j=0
{
2κσzjσ
z
j+1 + µσ
x
j − iλ
(
σ
y
jσ
z
j+1 + σ
z
jσ
y
j+1
)− ̺ σzjσxj+1σzj+2},
where the boundary conditions are σxj+N = σ
x
j , σ
y
j+N = εσ
y
j , σ
z
j+N = εσ
z
j . To put this
hamiltonian in a more familiar form, conjugate it by the matrix S ′ = V
1
2
x V
1
2
y S with
Vx = exp
{
K∗x
N−1∑
j=0
σxj
}
, Vy = exp
{
Ky
N−1∑
j=0
σzjσ
z
j+1
}
,
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which gives
H ′ε = S
′HεS
′−1 = const ·
N−1∑
j=0
{
e−2Kxσ
y
jσ
y
j+1 + e
2Kxσzjσ
z
j+1 + 2 coth 2Ky σxj
}
. (33)
One recognizes here the hamiltonian of the XY chain in a transverse field. If we
restrict ourselves to the symmetric Ising transfer matrix by setting Vε = V
1
2
y VxV
1
2
y ,
this reproduces the well-known observation of [26] that H ′ε commutes with the second
symmetric Ising transfer matrix V
1
2
x VyV
1
2
x .
The orthonormal eigenvectors of H ′ε can therefore be chosen as follows:
|θ1, . . . , θk〉XYν = e±
γ(θ)
2 V
± 1
2
x V
± 1
2
y |θ1, . . . , θk〉Isingν , (34)
XY
ν 〈θ1, . . . , θk| = Isingν 〈θ1, . . . , θk|V ±
1
2
y V
± 1
2
x e
±
γ(θ)
2 , (35)
where
e−γ(θ) = exp
{1
2
∑
θ∈θν
γθ −
k∑
i=1
γθi
}
(36)
is the corresponding eigenvalue of V
1
2
x VyV
1
2
x . Note that different signs in (34) and
(35) give equivalent representations of the same vector, and we have the hermitian
conjugation identities XYν 〈θk, . . . , θ1| =
(|θ1, . . . , θk〉XYν )†.
The operators σxl = iplql commute with the Z2-charge U and thus have non-zero
form factors only between the states of the same type (a- or p-). Since they are bilinear in
fermions, their matrix elements are easily computable. The only nontrivial form factors
of the XY chain (33) are those of the operators σyl and σ
z
l , which map the a-sector to
p-sector and vice versa. Define
FXYm,n(θ, θ′|σrl ) = XYa 〈θ1, . . . , θm|σrl |θ′1, . . . , θ′n〉XYp =
=
[
XY
p 〈θ′1, . . . , θ′n|σrl |θ1, . . . , θm〉XYa
]∗
, r = y, z.
Then, using different representations for the eigenvectors (34)–(35), one finds that
±i sinhK∗xFXYm,n(θ, θ′|σyl ) + coshK∗xFXYm,n(θ, θ′|σzl ) = e±
γ(θ)−γ(θ′)
2 ×
× Isinga 〈θ1, . . . , θm|V ±
1
2
y V
± 1
2
x (±i sinhK∗xσyl + coshK∗xσzl )V
∓ 1
2
x V
∓ 1
2
y |θ′1, . . . , θ′n〉Isingp =
= e±
γ(θ)−γ(θ′)
2
Ising
a 〈θ1, . . . , θm|V ±
1
2
y σ
z
l V
∓ 1
2
y |θ′1, . . . , θ′n〉Isingp = e±
γ(θ)−γ(θ′)
2 F (l)m,n(θ, θ′).
From these relations one obtains the final finite-length XY form factor formulas:
FXYm,n(θ, θ′|σyl ) =
sinh γ(θ)−γ(θ
′)
2
i sinhK∗x
F (l)m,n(θ, θ′), (37)
FXYm,n(θ, θ′|σzl ) =
cosh γ(θ)−γ(θ
′)
2
coshK∗x
F (l)m,n(θ, θ′), (38)
where F (l)m,n(θ, θ′) is defined by (32) and γ(θ) by (36). The same expressions have been
recently found in [15] by the method of separation of variables and used to rederive the
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asymptotics of two-point correlation function in the disordered phase without the use
of Toeplitz determinants and Wiener-Hopf factorization method.
Detailed discussion of the XY chain is beyond the scope of the present paper.
We would like to mention, however, the works [17, 18], where time- and temperature
dependent two-point correlation functions of the finite XY chain were expressed in terms
of 2N×2N determinants. In fact equivalent representations can be simply deduced from
the observation that spin operators, as well as the densities e−βHν , are elements of the
Clifford group; the entries of the corresponding determinants are then given by thermally
dressed two-particle form factors. We will report on these issues in a future publication.
Our last remark concerns the operators appearing in the hamiltonians Hε and H
′
ε.
It can be checked that they obey Onsager algebra relations for the standard generators
{Aj}, {Gj}:
Hε = 2κA1 + µA0 − 2λG1 + ρA2,
H ′ε = const ·
(
e2KxA1 + e
−2KxA−1 + 2 coth 2KyA0
)
.
The similarity transformations with exp(KA0), exp(K′A1) relating these two
hamiltonians are combinations of elementary Onsager algebra automorphisms described
in [1].
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